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1 Impulse of a Force

The impulse of a force is defined as the product of a force F' acting on a body
and the interval of time ¢ during which the force acts, that is

I =Ft (1)

This impulse is often measured by the change in momentum produced in the
body because of the force.

Proof: From Newton’s second law of motion

dv
F(t") =m x a7 (2)
If this force were to act on a body for a time dt’, then the impulse
dI = F(t")dt (3)

Substituting Eqn. 2 in 3 =

d
dl = m(—v> dt’ or

dt’
re [o(G)e o

I = m), or

I = m{vt) —v(0)} (4)

Let v(0) = u be the initial velocity and v(¢) = v be the final velocity. Then
Eqn. 4 becomes

I = mv—mu, or
I = P;—P (5)
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where P; is the initial momentum and P is the final momentum of the body.
Thus the impulse of the force equals the change in the momentum of the
body. Hence the proof.

2 Impulsive Force

An enormous force acting on a body for a very short duration of time, pro-
ducing a finite change in the body is called as an impulsive force. Examples
of this force are

1. The force exerted by a cricketer’s bat onto the ball.
2. The blow of a hammer on a nail. etc..

Note:The effect produced on a body by an impulsive force is always detected
by measuring the change in momentum of the body.

3 Impact

When two bodies strike or hit each other, each body will be exerting a force
on the other. From Newton’s III law of motion, these two forces will be equal
in magnitude but opposite in direction. This process of hitting or striking of
two bodies with each other and the resultant change caused in them is called
as Impact.
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Figure 1: Impact of two smooth spheres



Note:

3.1

. The common meeting point of the two bodies, when they strike each

other is called as the point of impact.

. The line joining the centres of the bodies and the point of impact is

called as common normal to the point of impact.

Laws of Impact

When two bodies impact on each other, the following laws are observed.
These are called as Laws of Impact. They are,

I Law: Law of Conservation of Momentum

The total momentum of the two bodies after impact measured along
the common normal must be equal to the total momentum before im-
pact measured along the same direction. This is called as the Law of
Conservation of Momentum.

IT Law: Law of Restitution

If u; and uy be the initial velocities of the two bodies before impact
and v; and vy be the final velocities after impact, then the ratio of their
difference is a constant called as the coefficient of restitution (e). It is
given as,

(v — v2)

— (6)
(w1 — u2)

This is called as the Law of Restitution.

e=—

ITI Law: Law of Normal Velocities

3.2

The change in the velocities of the two bodies perpendicular to the
common normal is zero. This is called as Law of Normal Velocities.

Direct and Oblique Impact

Let us consider the impact between two bodies, say two smooth spheres. If
the direction of motion of each body before impact is along the common
normal to the point of impact, the impact is called as a direct impact. If
the direction of motion of one or both bodies before impact is inclined to the
common normal to the point of impact, then it is called as an oblique Impact.



4 Direct Impact Between Two Smooth
Spheres

Let us consider two spheres A & B of masses m; & mo moving with initial
velocities u; & wug, directed along the same direction. Let us assume the
sphere A is striking the second sphere B, or it is impacting on the second
sphere. As the directions of velocities of both the spheres are same, we
consider the impact as a direct impact. This is shown is Fig. (2).
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Figure 2: Direct Impact of two smooth spheres A and B

After impact, let us assume the velocities change to v; & vs. Then ac-
cording to the law of conservation of momentum, the total momentum of
the spheres after impact must be equal to the total momentum of the two
spheres before impact, that is

MU + Maoly = MU + Mol (7)

According to the law of restitution

o — — (v1 — va)
(Ul — U2
Rearranging this =
(v1 — ) = —e(uy — ug) (8)



To find the velocity v;:

This can be done by eliminating or (removing) v, from the Eqn. 7.
For this we multiply Eqn. (8) by msy such that

Mol — Moy = —eMally + eMmally 9)
Adding Eqn. (7) and Eqn. (9) =

(ml + mz)U1 = m2U2(1 + 6) + Uy (m1 — emg) or

maus(1 + €) + up(my — emy)
(m1 + mg)

To find the velocity vs:

This can be done by eliminating or (removing) v; from the Eqn. 7.
For this we multiply Eqn. (8) by m; such that

MiV] — MUy = —emilU] + emqus (11)
Subtracting Eqn. (11) from Eqn. (7) =

(m1 4+ mo)vy = maus(1+ e) + uz(my — emy) or

o = maiug (1 + e) + ug(mg — emy) (12)
2 (m1 -+ mz)

Equations (10) and (12) give the expressions for the final velocities of
the two spheres A and B after a direct impact.

COROLLARY (i)
If the two spheres are of equal mass, that is if m; = ms and if the impact
is elastic, that is the coefficient of restitution e = 1, then equation (10)
and equation (12) reduce to

V1 = U2

Vo = Uy

This means that in the case of an elastic collision, the two smooth
spheres interchange their velocities after a direct impact.
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COROLLARY (ii)

If the impact is inelastic, then the coefficient of restitution e = 0. Hence

equations (10) and (12) reduce to
Mols + MUy
vy = ———

my + Mo
miuy + Maola
Vg = ————
mi + Mo

This means that in the case of an inelastic collision, both the spheres
have the same final velocity after a direct impact.

5 Loss of Kinetic Energy Due to Direct Im-
pact of Two Smooth Spheres

Let the impulse of the impact of the sphere A on the sphere B be the given

as
[1 = ml(’vl — Ul) (13)

—
This impulse is directed along the common normal in the direction O;0s.
Then the change in kinetic energy of sphere A due to impact is

1 1
ATy = §m1v% — imluf
1
= oma(v} —uj)
2
1
A T1 = Eml(vl — Ul)(’Ul + U1). (14)

Substituting Eqn. (13) in Eqn. (14) =
ATy = %]1(01 + uq) (15)
Similarly let the impulse of the impact of sphere B on sphere A be given as
I, = mo(vy — ug) (16)
This impulse is directed along m, that is, opposite to the direction of the

impulse I;. The change in kinetic energy of sphere B can therefore be given
similar to Eqn. (15) as

1
A T2 = 5]2(1)2 + Uz) (17)



The total change in the kinetic energy of the two spheres is
AT =ATi+ AT (18)

Substituting Eqn. (15) and(17) in Eqn. (18) =

AT = %[Il(vl—l-ul)—l—fg(vg—i-m)] (19)

But Iy = —I;. Hence

AT = %[1[(U1+U1)—(U2+U2)]

AT = %Il[(vl — Ug) + (Ul — Ug)] (20)

We know that the coefficient of restitution is given as

_ (v1 — v2)
e = —(u1 ") (21)
Rearranging Eqn. (21) =
(v —vg) = —e(uy — usg) (22)

Substituting Eqn. (22) in Eqn. (20) =

AT = %11 H—e(ur — )} + (ur — us)]
AT = %]1(2“ — UQ>(1 - 6) (23)

Equation (23) gives the expression for the loss of kinetic energy due to the
direct impact of two spheres in terms of the impulse suffered by the first
sphere.

To find an expression for [;:

We know that the final velocity of the sphere A is given as

moug (1 + €) + ui(my — ems)
(m1 —+ mg)

v =



Substituting the above equation in Eqn. (13) =

I = m maus(1 + €) + ui(myq — ems) i
1 1 (1 + ma) 1Uy

2 2
mimaus(l + €) + miuy — mymoure — miju; — mymouy

my1 + Mo

mimaus (1l + €) — mimauy (1 + €)

mq + mo
I _ m1m2(1 + 6)(UQ — Ul) (25)
! my + Mo

The above equation gives the expression for impulse on the first sphere
A due to a direct impact.

Simplified Expression for the Loss of Kinetic Energy A T

Substituting Eqn. (25) in Eqn. (23)=

AT — 1 {m1m2(1 +€)(U2 — Ul)
my + Mg

5 } (up —ug)(1 —e)

or

S

Equation (26) gives the simplified expression for the total change in
the kinetic energy due to impact between two smooth spheres. The
negative sign indicates that a loss in kinetic energy occurs.

COROLLARY (i)
If the impact is elastic, that is the coefficient of restitution e = 1, then
AT =0 (27)

This means that, in an elastic collision there is no loss in kinetic energy
after a direct impact of two smooth spheres or the kinetic energy is
conserved in a direct impact of two smooth spheres.

COROLLARY (ii)
On the other hand, if the impact is inelastic, the coefficient of restitu-
tion e = 0. Then the loss in kinetic energy is

SRR = &

Thus in an inelastic collision, the two spheres suffer a finite loss in
kinetic energy after a direct impact.
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6 Oblique Impact Between Two Smooth
Spheres

Let us consider a smooth sphere, say A of mass m; moving with a velocity
uy impinging obliquely on a sphere B of mass my , moving with a velocity
uy. Let the direction of motion of the spheres, before impact be inclined at
angle o and 8 with the common normal to their point of contact. Let after
the oblique impact, their velocities change to v; and vy, with their directions
inclined at angles # and ¢ respectively with the common normal. This is
shown in Fig.(3).

point of impact

Common normal to the
point of impact

Figure 3: Oblique Impact between two smooth spheres A and B

By the law of conservation of momentum, the total momentum of the
spheres along the common normal after an impact must be equal to the total
momentum before impact along the same direction, that is

M1V1z + MaV2; = MUy + Molla, (29)

where the suffix x denotes the horizontal component of the velocities. Ac-
cording to the law of restitution

o (Ulac - UQx)
e = —
(ulm - ng)
Rearranging this =
(Viz — V2z) = —€(U1z — Usg) (30)



Multiplying Eqn. (8) by ms =
Mol1y — Maolay = —EMoli, + €Molia, (31)
Adding Eqn. (29) and Eqn. (31) =
(my +mo)vr, = moug, (1 +e) + uy(mp — ems) (32)

The horizontal components of the velocities of the two spheres A and B
before and after impact are given as

Uy, = UICOSQ
Ugy = UCOSH
Vg = vic080
Uoy = U9C0SP (33)

6.1 To find the velocity v; of the sphere A
Substituting Eqns. (33) in Eqn. (32) =
(m1 + ma)vicosd = maugcosB(1 + e) + ujcosa(my — ems) (34)

The vertical components of the velocities of the two spheres A and B before
and after impact are given as

Uy = UISINQ
Uy = USINS
vy, = visind
Vgy = U28INQ (35)

Here the subscript y denotes the vertical component of the velocities. Ac-
cording to the law of the normal velocities, the change in the velocities in the
direction perpendicular to the common normal is zero. This means

Viy — Uy = 0
Ugy—UQy = 0. (36)
Hence
Viy = Uiy
’Ugy = Ugy. (37)
Substituting Eqns. (35) in Eqn. (37) =
v18inf = uy sina (38)
V28ING = ussinf. (39)
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Case(i)
For an elastic impact, the coefficient of restitution e = 1 and if the two
spheres are of the same masses, that is if m; = my = m, then Eqn(34)
becomes
2murcosf = 2muscos3

or
v1cost = ugcosf (40)

Squaring and adding Eqns. (38) and (40) =

v?(cos®0 + sin®0) = uisin®a + uscos®3

or

v = \/u%sm%z + udcos? (41)
Case(ii)
For an inelastic impact, the coefficient of restitution e = 0. Further if
my = mg = m then eqn. (34) becomes,

2muycost = m(uycosa + uscosf)

or
1
vicost = §[ulcosa + uscosf] (42)

Squaring and adding Eqns. (42) and (40) =

1
v?(cos®0 + sin?0) = uisin’a + Z[ulcosoz + ugcosf)?

1
v, = \/U%SZ'TLZOZ + Z[Ulcosa + u20056]2 (43)

6.2 To find the velocity vy of the sphere B

By a similar argument the velocity for the sphere B can be derived.

Case(i)
For an elastic impact, the coefficient of restitution e = 1 and if the
two spheres are of the same masses, that is if m; = my = m, then the
velocity of the sphere B is given as

Vg = \/ufcosza + udsin? (44)
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Case(ii)
For an inelastic impact, the coefficient of restitution e = 0 and if the
two spheres are of the same masses, that is if m; = my = m, then the
velocity of the sphere B is given as

1
Vo = \/u%sinQB + Z[ulcosa + ugcosf]? (45)

7 Loss of Kinetic Energy Due to Oblique Im-
pact of Two Smooth Spheres

We know that the loss of kinetic energy due the direct impact of two spheres
along the common normal is

AT =— {m1m2(1 — e “2)2} (46)

2(7711 + mg)

For oblique impact the horizontal components of the velocities should be
considered. Hence replacing u; by ujcosa and uy by uscos, Eqn. (46)

becomes
AT {mlmg(l — e%)(uicosa — ugcosf3)? }
- 2(m1 + m2)

Note: There is no change in the kinetic energy due to the oblique impact of
the two spheres along the direction perpendicular to the common normal.

(47)

COROLLARY (i)
For an elastic impact, the coeffecient of restitution e = 1. Hence from
Eq. 47,
AT =0. (48)

Thus we find that in an oblique collision of two smooth spheres, if the

colliston 1s elastic, the kinetic energy is conserved.

COROLLARY (ii)
For an inelastic impact, the coeffecient of restitution e = 0. Hence from
Eq. 47,

B myma(ucosa — ugcos3)?
AT——{ 2+ 112) } (49)

Thus we find that in an oblique collision of two smooth spheres, if the
collision is inelastic, there is a finite loss in kinetic energy.
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